Introduction {#Sec1}
============

In this paper, we investigate biased random walks on subcritical and supercritical Galton--Watson trees. These are a natural setting for studying trapping phenomena as dead-ends, caused by leaves in the trees, slow the walk. These models can be used to approach more difficult problems concerning biased random walks on percolation clusters (as studied in \[[@CR11], [@CR13], [@CR24]\]) and random walk in random environment (see for example \[[@CR18], [@CR25]\]). For a recent review of trapping phenomena and random walk in random environment we direct the reader to \[[@CR3]\] which covers recent developments in a range of models of directionally transient and reversible random walks on underlying graphs such as supercritical GW-trees and supercritical percolation clusters.

For supercritical GW-trees with leaves, it has been shown in \[[@CR21]\] that, for a suitably large bias away from the root, the dead-ends in the environment create a sub-ballistic regime. In this case, it has further been observed in \[[@CR4]\], that if the offspring distribution has finite variance then the walker follows a polynomial escape regime but cannot be rescaled properly due to a certain lattice effect. (In \[[@CR5], [@CR15]\] it is shown that, in a related model where the conductance along each is chosen randomly according to a distribution satisfying a certain non-lattice assumption, the tail of the trapping time obeys a pure power law and the rescaled walk converges in distribution.) Here we show that, when the offspring law has finite variance, the walk on the subcritical GW-tree conditioned to survive experiences similar trapping behaviour to the walk on the supercritical GW-tree shown in \[[@CR4]\]. However, the main focus of the article concerns offspring laws belonging to the domain of attraction of some stable law with index $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \in (1,2)$$\end{document}$. In this setting, although the distribution of time spent in individual traps has polynomial tail decay in both cases, the exponent varies with $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ in the subcritical case and not in the supercritical case. This results in a polynomial escape of the walk which is always sub-ballistic in the subcritical case unlike the supercritical case which always has some ballistic phase.

We now describe the model of a biased random walk on a subcritical GW-tree conditioned to survive which will be the main focus of the article. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$f(s):=\sum _{k=0}^\infty p_ks^k$$\end{document}$ denote the probability generating function of the offspring law of a GW-process with mean $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^2>0$$\end{document}$ (possibly infinite) and let $\documentclass[12pt]{minimal}
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                \begin{document}$$Z_n$$\end{document}$ denote the *n*th generation size of a process with this law started from a single individual, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$Z_0=1$$\end{document}$. Such a process gives rise to a random tree where individuals in the process are represented by vertices and undirected edges connect individuals with their offspring.
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                \begin{document}$$\rho $$\end{document}$ denote its root, $\documentclass[12pt]{minimal}
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                \begin{document}$$Z_n^T$$\end{document}$ the size of the *n*th generation, $\documentclass[12pt]{minimal}
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                \begin{document}$$\overleftarrow{x}$$\end{document}$ the parent of $\documentclass[12pt]{minimal}
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                \begin{document}$$x \in T$$\end{document}$, *c*(*x*) the set of children of *x*, $\documentclass[12pt]{minimal}
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                \begin{document}$$d_x:=|c(x)|$$\end{document}$ the out-degree of *x*, *d*(*x*, *y*) the graph distance between vertices *x*, *y*, $\documentclass[12pt]{minimal}
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                \begin{document}$$|x|:=d(\rho ,x)$$\end{document}$ the graph distance between *x* and the root and $\documentclass[12pt]{minimal}
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                \begin{document}$$T_x$$\end{document}$ to be the descendent tree of *x*. A $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-biased random walk on a fixed, rooted tree *T* is a random walk $\documentclass[12pt]{minimal}
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                \begin{document}$$(X_n)_{n \ge 0}$$\end{document}$ on *T* which is $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-times more likely to make a transition to a given child of the current vertex than the parent (which are the only options). That is, the random walk is the Markov chain started from $\documentclass[12pt]{minimal}
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                \begin{document}$$X_0=z$$\end{document}$ defined by the transition probabilities$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} P ^T_z(X_{n+1}=y|X_n=x):={\left\{ \begin{array}{ll} \frac{1}{1+\beta d_x} &{} \text {if } y=\overleftarrow{x}, \\ \frac{\beta }{1+\beta d_x}, &{} \text {if } y \in c(x), \; x \ne \rho , \\ \frac{1}{ d_\rho }, &{} \text {if } y \in c(x), \; x =\rho , \\ 0, &{} \text {otherwise.} \\ \end{array}\right. } \end{aligned}$$\end{document}$$We use $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}_\rho (\cdot ):=\int P ^T_\rho (\cdot )\mathbf {P}(\text {d}T)$$\end{document}$ for the annealed law obtained by averaging the quenched law $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {P}$$\end{document}$ on random trees with a fixed root $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$. In general we will drop the superscript *T* and subscript $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ when it is clear to which tree we are referring and we start the walk at the root.

We will mainly be interested in GW-trees $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}$$\end{document}$ which survive, that is $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}(\mathcal {T}):=\sup \{n\ge 0: Z_n>0\}=\infty $$\end{document}$. It is classical (e.g. \[[@CR2]\]) that when $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu >1$$\end{document}$ there is some strictly positive probability $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}(\mathcal {T})=\infty $$\end{document}$ whereas when $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu \le 1$$\end{document}$ we have that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}(\mathcal {T})$$\end{document}$ is almost surely finite. However, it has been shown in \[[@CR17]\] that there is some well defined probability measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {P}$$\end{document}$ over *f*-GW trees conditioned to survive for infinitely many generations which arises as a limit of probability measures over *f*-GW trees conditioned to survive at least *n* generations. Henceforth, we assume $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {P}$$\end{document}$ is this law and $\documentclass[12pt]{minimal}
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                \begin{document}$$X_n$$\end{document}$ is a random walk on an *f*-GW-tree conditioned to survive.
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                \begin{document}$$|X_n|$$\end{document}$, that is, how the distance from the root changes over time. Due to the typical size of finite branches in the tree being small and the walk not backtracking too far we shall see that $\documentclass[12pt]{minimal}
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                \begin{document}$$|X_n|$$\end{document}$ has a strong inverse relationship with the first hitting times $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta _n:=\inf \{m\ge 0:X_m \in \mathcal {Y}, \; |X_m|=n\}$$\end{document}$ of levels along the backbone $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {Y}:=\{x \in \mathcal {T}:\mathcal {H}(\mathcal {T}_x)=\infty \}$$\end{document}$ so for much of the paper we will consider this instead. It will be convenient to consider the walk as a trapping model. To this end we define the underlying walk $\documentclass[12pt]{minimal}
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                \begin{document}$$(Y_k)_{k\ge 0}$$\end{document}$ defined by $\documentclass[12pt]{minimal}
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                \begin{document}$$Y_k:=X_{\eta _k}$$\end{document}$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _k:=\inf \{m>\eta _{k-1}: \; X_m,X_{m-1} \in \mathcal {Y}\}$$\end{document}$ for $\documentclass[12pt]{minimal}
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                \begin{document}$$k\ge 1$$\end{document}$.
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                \begin{document}$$X_n$$\end{document}$ is a walk on an *f*-GW tree conditioned to survive for *f* supercritical ($\documentclass[12pt]{minimal}
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                \begin{document}$$\mu >1$$\end{document}$), it has been shown in \[[@CR21]\] that $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu (\beta ):=\lim _{n \rightarrow \infty }|X_n|/n$$\end{document}$ exists $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}$$\end{document}$-a.s. and is positive if and only if $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu ^{-1}<\beta <f'(q)^{-1}$$\end{document}$ in which case we call the walk ballistic. Furthermore, although no explicit expression for the speed $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu $$\end{document}$ is known, a description of the invariant distribution of the environment seen from the particle is used in \[[@CR1]\] to give an expression of the speed in terms of the annealed expectation. This expression coincides with the speed of the walk on a certain regular tree where each vertex has some number of children $\documentclass[12pt]{minimal}
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                \begin{document}$$m_\beta $$\end{document}$; in particular, it can be seen that $\documentclass[12pt]{minimal}
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                \begin{document}$$m_\beta \le \mu $$\end{document}$ therefore the randomness of the tree slows the walk. If $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta \le \mu ^{-1}$$\end{document}$ then the walk is recurrent because the average drift of *Y* acts towards the root. When $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta \ge f'(q)^{-1}$$\end{document}$ the walker expects to spend an infinite amount of time in the finite trees which hang off $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {Y}$$\end{document}$ (see Fig. [5](#Fig5){ref-type="fig"} in Sect. [10](#Sec12){ref-type="sec"}) thus causing a slowing effect which results in the walk being sub-ballistic. In this case, the correct scaling for some non-trivial limit is $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ will be defined later in ([1.1](#Equ1){ref-type=""}). In particular, it has been shown in \[[@CR4]\] that, when $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^2<\infty $$\end{document}$, the laws of $\documentclass[12pt]{minimal}
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                \begin{document}$$|X_n|n^{-\gamma }$$\end{document}$ are tight and, although $\documentclass[12pt]{minimal}
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                \begin{document}$$|X_n|n^{-\gamma }$$\end{document}$ doesn't converge in distribution, we have that $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta _nn^{-1/\gamma }$$\end{document}$ converges in distribution under $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}$$\end{document}$ along certain subsequences to some infinitely divisible law. In Sect. [10](#Sec12){ref-type="sec"} we extend this result by relaxing the condition that the offspring law has finite variance and instead requiring only that it belongs to the domain of attraction of some stable law of index $\documentclass[12pt]{minimal}
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Recall that the offspring law of the process is given by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {P}(\xi =k):=p_k$$\end{document}$, then we define the size-biased distribution by the probabilities $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {P}(\xi ^*=k):=kp_k\mu ^{-1}$$\end{document}$. It can be seen (e.g. \[[@CR16]\]) that the subcritical ($\documentclass[12pt]{minimal}
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                \begin{document}$$\mu <1$$\end{document}$) GW-tree conditioned to survive coincides with the following construction: Starting with a single special vertex, at each generation let every normal vertex give birth onto normal vertices according to independent copies of the original offspring distribution and every special vertex give birth onto vertices according to independent copies of the size-biased distribution, one of which is chosen uniformly at random to be special. Unlike the supercritical tree which has infinitely many infinite paths, the backbone of the subcritical tree conditioned to survive consists of a unique semi-infinite path from the initial vertex $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {Y}$$\end{document}$ buds and the finite trees rooted at the buds traps (see Fig. [2](#Fig2){ref-type="fig"} in Sect. [3](#Sec3){ref-type="sec"}). In this paper we consider walks with positive bias therefore the walk is transient and only returns to the starting vertex $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ finitely often. Moreover, we are interested in the case where the trapping times are heavy tailed and therefore since the traps are i.i.d. the walk closely resembles a one dimensional directed trap model as studied in \[[@CR26]\].

Briefly, the phenomena that can occur in the subcritical case are as follows. When $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {E}[\xi \log ^+(\xi )]<\infty $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu <1$$\end{document}$ there exists a limiting speed $\documentclass[12pt]{minimal}
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When the offspring law has finite variance, the limiting behaviour of $\documentclass[12pt]{minimal}
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Statement of main theorems and proof outline {#Sec2}
============================================

In this section we introduce the three sub-ballistic regimes in the subcritical case and the one further regime for the infinite variance supercritical case that we consider here. We then state the main theorems of the paper.
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If the offspring law belongs to the domain of attraction of some stable law of index $\documentclass[12pt]{minimal}
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Definition 1 {#FPar1}
------------
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Under this assumption we let *L* vary slowly at $\documentclass[12pt]{minimal}
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In this case we have that the slowing is caused by the number of excursions in traps. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ is small (i.e. less than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu ^{-1}$$\end{document}$) we have that the expected time spent in a trap is finite. The number of excursions the walk takes into a branch is of the same order as the number of buds; since the size-biased law has infinite mean there are a large number of buds and therefore a large number of excursions. The main result for IVFE is Theorem [1](#FPar2){ref-type="sec"} which reflects that $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar2}
---------
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Definition 2 {#FPar3}
------------
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Intuitively, the main reason we observe different scalings in these two cases is due to the way the number of buds affects the height of the branch. The height of a GW-tree is approximately geometric; in particular, the tallest of *n* independent trees will typically be close to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\log (n)/\log (\mu ^{-1})$$\end{document}$. In FVIE the number of buds has finite mean therefore we see order *n* buds by level *n* hence tallest will have height close to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\log (n)/\log (\mu ^{-1})$$\end{document}$. In IVIE the number of buds has infinite mean but belongs to the domain of attraction of some stable law. In particular, the number of buds seen by level *n* is equal in distribution to the sum of *n* independent copies of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi ^*-1$$\end{document}$ (which scales with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_n$$\end{document}$). It therefore follows that, in IVIE, the tallest tree up to level *n* will have height close to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\log (a_n)/\log (\mu ^{-1})$$\end{document}$. Since only the deepest trees are significant and the time spent in a large branch clusters around $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta ^H$$\end{document}$ we see that the natural scaling is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta ^{\log (n)/\log (\mu ^{-1})}=n^{1/\gamma }$$\end{document}$ in FVIE and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta ^{\log (a_n)/\log (\mu ^{-1})}=a_n^{1/\gamma }$$\end{document}$ in IVIE.

Since *H* is approximately geometric we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta ^H$$\end{document}$ won't belong to the domain of attraction of any stable law. For this reason, as in \[[@CR4]\], we only see convergence along specific increasing subsequences $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_l(t):=\lfloor t \mu ^{-l}\rfloor $$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t>0$$\end{document}$ in FVIE and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_l(t)$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_{n_l(t)} \sim t\mu ^{-l}$$\end{document}$ for IVIE. Such a sequence exists for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t>0$$\end{document}$ since by choosing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_l(t):=\sup \{m\ge 0:a_m< t\mu ^{-l}\}$$\end{document}$ we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_{n_l}< t\mu ^{-l} \le a_{n_l+1}$$\end{document}$ and therefore$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 1 \ge \frac{a_{n_l}}{t\mu ^{-l}} \ge \frac{a_{n_l}}{a_{n_l+1}} \rightarrow 1. \end{aligned}$$\end{document}$$Recalling ([1.1](#Equ1){ref-type=""}), the main results for FVIE and IVIE are Theorems [2](#FPar5){ref-type="sec"} and [3](#FPar6){ref-type="sec"}, which reflect slowing due to deep excursions.

Theorem 2 {#FPar5}
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Theorem 3 {#FPar6}
---------
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Theorem 4 {#FPar7}
---------

In IVFE, FVIE or IVIE we have thatThe laws of $\documentclass[12pt]{minimal}
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The final case we consider is an extension of a result of \[[@CR4]\] for the walk on the supercritical tree. The argument used for the infinite variance case is generally the same as in the finite variance case but needs some technical input. This is provided by three lemmas which we put aside until Sect. [10](#Sec12){ref-type="sec"}. For the same reason as in FVIE, we only see convergence along specific subsequences $\documentclass[12pt]{minimal}
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Theorem 5 {#FPar8}
---------

(Infinite variance supercritical case) Suppose the offspring law belongs to the domain of attraction of some stable law of index $\documentclass[12pt]{minimal}
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The proofs of Theorems [1](#FPar2){ref-type="sec"}, [2](#FPar5){ref-type="sec"} and [3](#FPar6){ref-type="sec"} follow a similar structure to the corresponding proof of \[[@CR4]\] which, for the walk on the supercritical tree, only considers the case in which the variance of the offspring distribution is finite. However, for the latter reason, the proofs of Theorems [1](#FPar2){ref-type="sec"} and [3](#FPar6){ref-type="sec"} become more technical in some places, specifically with regards to the number of traps in a large branch. The proof can be broken down into a sequence of stages which investigate different aspects of the walk and the tree. This is ideal for extending the result onto the supercritical tree because many of these behavioural properties will be very similar for the walk on the subcritical tree due to the similarity of the traps.

In all cases it will be important to decompose large branches. In Sect. [3](#Sec3){ref-type="sec"} we show a decomposition of the number of deep traps in any deep branch. This is only important for FVIE and IVIE since the depth of the branch plays a key role in decomposing the time spent in large branches. In Sect. [4](#Sec4){ref-type="sec"} we determine conditions for labelling a branch as large in each of the regimes so that large branches are sufficiently far apart so that, with high probability, the underlying walk won't backtrack from one large branch to the previous one. In Sect. [5](#Sec5){ref-type="sec"} we justify the choice of label by showing that time spent outside these large branches is negligible. From this we then have that $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta _n$$\end{document}$ can be approximated by a sum of i.i.d. random variables whose distribution depends on *n*. In Sect. [6](#Sec6){ref-type="sec"} we only consider IVFE and show that, under a suitable scaling, these variables converge in distribution which allows us to show the convergence of their sum. Similarly, in Sect. [7](#Sec7){ref-type="sec"} we show that the random variables, suitably scaled, converge in distribution for FVIE and IVIE. We then show convergence of their sum in Sect. [8](#Sec8){ref-type="sec"}. In Sect. [9](#Sec11){ref-type="sec"} we prove Theorem [4](#FPar7){ref-type="sec"} which is standard following Theorems [1](#FPar2){ref-type="sec"}, [2](#FPar5){ref-type="sec"} and [3](#FPar6){ref-type="sec"}. Finally, in Sect. [10](#Sec12){ref-type="sec"}, we prove three short lemmas which extend the main result of \[[@CR4]\] to prove Theorem [5](#FPar8){ref-type="sec"}. We require a lot of notation much of which is very similar; a glossary follows Sect. [10](#Sec12){ref-type="sec"} which includes most of the notation used repeatedly throughout.

Number of traps {#Sec3}
===============

In this section we show asymptotics for the probability that the height of a branch is large and use it to determine the distribution over the number of large traps in a large branch. Unless stated otherwise we assume $\documentclass[12pt]{minimal}
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Definition 4 {#FPar9}
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The structure of the large traps will have an important role in determining the convergence of the scaled process. In this section we determine the distribution over the number of deep traps rooted at backbone vertices with at least one deep trap. We will show that there is only a single deep trap at any backbone vertex when the offspring law has finite variance whereas, when the offspring law belongs to the domain of attraction of a stable law with index $\documentclass[12pt]{minimal}
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In order to determine the correct threshold for labelling a branch as large we will need to know the asymptotic form of $\documentclass[12pt]{minimal}
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Corollary 3.2 {#FPar12}
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Lemma 3.3 {#FPar14}
---------

Suppose the offspring distribution belongs to the domain of attraction of a stable law with index $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \in (1,2)$$\end{document}$ and mean $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {E}[\xi ]=\mu $$\end{document}$.If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu \le 1$$\end{document}$ then as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\rightarrow 1^\circ $$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbf {E}\left[ s^\xi \right] -s^\mu \sim \frac{\Gamma (3-\alpha )}{\alpha (\alpha -1)}(1-s)^\alpha L((1-s)^{-1}) \end{aligned}$$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma (t)=\int _0^\infty x^{t-1}e^{-x}\mathrm {d}x$$\end{document}$ is the usual gamma function.If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu >1$$\end{document}$ then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 1-\mathbf {E}\left[ s^\xi \right] = \mu (1-s)+ \frac{\Gamma (3-\alpha )}{\alpha (\alpha -1)}(1-s)^\alpha \overline{L}\left( (1-s)^{-1}\right) \end{aligned}$$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{L}$$\end{document}$ varies slowly at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\infty $$\end{document}$.

When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu <1$$\end{document}$ it follows that there exists a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_1$$\end{document}$ (which varies slowly as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\rightarrow 1^\circ $$\end{document}$) such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {E}[s^\xi ]-s^\mu = (1-s)^\alpha L_1((1-s)^{-1})$$\end{document}$ and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{s\rightarrow 1^\circ }\frac{L_1\left( (1-s)^{-1}\right) }{L\left( (1-s)^{-1}\right) }= \frac{\Gamma (3-\alpha )}{\alpha (\alpha -1)}. \end{aligned}$$\end{document}$$Write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g(x)=x^\alpha L_1(x^{-1})$$\end{document}$ so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(s)=s^\mu +g(1-s)$$\end{document}$ then it follows that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f^{(l)}(s)=s^{\mu -l}(\mu )_l+(-1)^lg^{(l)}(1-s) \end{aligned}$$\end{document}$$when this exists where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mu )_l:=\prod _{j=0}^{l-1}(\mu -j)$$\end{document}$ is the Pochhammer symbol. Write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_2(x):=L_1(x^{-1})$$\end{document}$ which is slowly varying at 0. Using Theorem 2 of \[[@CR19]\], we see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$xg'(x)\sim \alpha g(x)$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \rightarrow 0$$\end{document}$. Moreover, using an inductive argument in the proof of this result, it is straightforward to show that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l \in \mathbb {N}$$\end{document}$ we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$xg^{(l+1)}(x) \sim (\alpha -l)g^{(l)}(x)$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\rightarrow 0$$\end{document}$. Therefore, for any integer $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l\ge 0$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{x \rightarrow 0^+}\frac{x^lg^{(l)}(x)}{g(x)} \; = \; (\alpha )_l . \end{aligned}$$\end{document}$$Proposition [3.4](#FPar15){ref-type="sec"} is the main result of this section and determines the limiting distribution of the number of traps of height at least *m* in a branch of height greater than *m*.

Proposition 3.4 {#FPar15}
---------------
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-----
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Proposition [3.4](#FPar15){ref-type="sec"} will be useful for determining the number of large traps in a large branch but equally important is the asymptotic relation ([3.9](#Equ12){ref-type=""}) which gives the tail behaviour of the height of a branch $\documentclass[12pt]{minimal}
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Large branches are far apart {#Sec4}
============================

In this section we introduce the conditions for a branch to be large. This will differ in each of the cases however, since many of the proofs will generalise to all three cases, we will use the same notation for some aspects.

In IVFE we will have that the slowing is caused by the large number of traps. In particular, we will be able to show that the time spent outside branches with a large number of buds is negligible.

Definition 5 {#FPar17}
------------

(*IVFE large branch*) For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon \in (0,1)$$\end{document}$ write$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} l_{n,\varepsilon } := a_{\lfloor n^{1-\varepsilon }\rfloor } \quad \text {and} \quad l_{n,\varepsilon }^+ := a_{\lfloor n^{1+\varepsilon }\rfloor } \end{aligned}$$\end{document}$$then we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {P}(\xi ^*\ge l_{n,\varepsilon } ) \sim n^{-(1-\varepsilon )}$$\end{document}$. We will call a branch large if the number of buds is at least $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l_{n,\varepsilon }$$\end{document}$ and write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {D}^{(n)}:=\{x \in \mathcal {Y}:d_x>l_{n,\varepsilon }\}$$\end{document}$ to be the collection of backbone vertices which are the roots of large branches.

In FVIE we will have that the slowing is caused by excursions into deep traps.

Definition 6 {#FPar18}
------------
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In IVIE we will have that the slowing is caused by a combination of the slowing effects of the other two cases. The height and number of buds in branches have a strong link which we show more precisely later; this allows us to label branches as large based on height which will be necessary when decomposing the time spent in large branches.
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We want to show that, asymptotically, the large branches are sufficiently far apart to ignore any correlation and therefore approximate $\documentclass[12pt]{minimal}
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Time is spent in large branches {#Sec5}
===============================
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---------------
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-----
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Similarly, we can show a corresponding result for IVFE.
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Excursion times in dense branches {#Sec6}
=================================

In this section we only consider IVFE. The main tool will be Theorem [6](#FPar32){ref-type="sec"}, which is Theorem 10.2 in \[[@CR4]\], and is itself a consequence of Theorem IV.6 in \[[@CR23]\].

Theorem 6 {#FPar32}
---------
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Using this we can now show that the average time spent in a trap indeed converges to its expectation.

Lemma 6.3 {#FPar37}
---------
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Proof {#FPar38}
-----

We continue using the notation defined in Lemma [6.2](#FPar35){ref-type="sec"} and also define the event$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E_m^j:=\left\{ \mathcal {H}\left( \mathcal {T}_j^\circ \right) \le \tilde{C}\log (m)\right\} \cap \left\{ W^j\le C\log (m)\right\} \cap \left\{ E ^{\mathcal {T}_j^\circ }\left[ T^{j,1}\right] \le m^{1-\kappa }\right\} \end{aligned}$$\end{document}$$that the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j{\text {th}}$$\end{document}$ trap isn't tall, entered many times and that the expected excursion time in it isn't large.$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\mathbb {P}\left( \left| \frac{1}{m}\sum _{j=1}^mW^j\left( E ^{\mathcal {T}_j^\circ }\left[ T^{j,1}\right] -\mathbb {E}\left[ T^{1,1}\right] \right) \right|>t\right) \\&\quad \le \mathbb {E}\left[ \mathbb {P}\left( \left| \frac{1}{m}\sum _{j=1}^mW^j\left( E ^{\mathcal {T}_j^\circ }\left[ T^{j,1}\right] \mathbf {1}_{E_m^j}-\mathbb {E}\left[ T^{1,1}\right] \mathbf {1}_{E_m^j}\right) \right| >t\Big | (W^j)_{j=1}^m\right) \right] +o(m^{-\varepsilon }). \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {E}[ E ^{\mathcal {T}_j^\circ }[T^{j,1}\mathbf {1}_{E_m^j}]]=\mathbb {E}[T^{j,1}\mathbf {1}_{E_m^j}] \ne \mathbb {E}[\mathbb {E}[T^{1,1}]\mathbf {1}_{E_m^j}]$$\end{document}$ we have that the summand in the right hand side doesn't have zero mean thus we perform the splitting:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\mathbb {E}\left[ \mathbb {P}\left( \left| \frac{1}{m}\sum _{j=1}^mW^j( E ^{\mathcal {T}_j^\circ }[T^{j,1}]\mathbf {1}_{E_m^j}-\mathbb {E}[T^{j,1}]\mathbf {1}_{E_m^j})\right|>t\Big | (W^j)_{j=1}^m\right) \right] \\&\quad \le \mathbb {E}\left[ \mathbb {P}\left( \left| \frac{1}{m}\sum _{j=1}^mW^j( E ^{\mathcal {T}_j^\circ }[T^{j,1}]\mathbf {1}_{E_m^j}-\mathbb {E}[T^{j,1}\mathbf {1}_{E_m^j}])\right|>t/3\Big | (W^j)_{j=1}^m\right) \right] \\&\qquad + \mathbb {E}\left[ \mathbb {P}\left( \left| \frac{1}{m}\sum _{j=1}^mW^j(\mathbb {E}[T^{j,1}\mathbf {1}_{E_m^j}]-\mathbb {E}[T^{j,1}\mathbf {1}_{E_m^j}]\mathbf {1}_{E_m^j})\right|>t/3\Big | (W^j)_{j=1}^m\right) \right] \\&\qquad + \mathbb {E}\left[ \mathbb {P}\left( \left| \frac{1}{m}\sum _{j=1}^mW^j(\mathbb {E}[T^{j,1}]\mathbf {1}_{E_m^j}-\mathbb {E}[T^{j,1}\mathbf {1}_{E_m^j}]\mathbf {1}_{E_m^j})\right| >t/3\Big | (W^j)_{j=1}^m\right) \right] . \end{aligned}$$\end{document}$$By Chebyshev's inequality and the tail bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {E}[ E ^{\mathcal {T}_j^\circ }[T^{j,1}]^2\mathbf {1}_{\{E_m^j\}}]\le Cm^{1-\epsilon }L(m)$$\end{document}$ from ([6.6](#Equ28){ref-type=""}) we have that the first term is bounded above by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {E}\left[ \frac{C\log (m)^2}{(mt/3)^2}\sum _{j=1}^mVar\left( E ^{\mathcal {T}_j^\circ }\left[ T^{j,1}\right] \mathbf {1}_{E_m^j}\right) \right] \le C_tm^{-\epsilon }\overline{L}(m) \end{aligned}$$\end{document}$$for some slowly varying function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{L}$$\end{document}$. The second term is equal to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\mathbb {E}\left[ \mathbb {P}\left( \left| \frac{1}{m}\sum _{j=1}^mW^j\mathbb {E}[T^{1,1}\mathbf {1}_{E_m^j}]\mathbf {1}_{(E_m^j)^c}\right| >t/3\Big | (W^j)_{j=1}^m\right) \right] \\&\quad \le \mathbf {P}\left( \bigcup _{j=1}^m(E_m^j)^c\right) = o(m^{-\varepsilon }) \end{aligned}$$\end{document}$$by ([6.7](#Equ29){ref-type=""}). The final term can be written as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {P}\left( \frac{1}{m}\sum _{j=1}^mW^j\mathbb {E}[T^{j,1}\mathbf {1}_{(E_m^j)^c}]\mathbf {1}_{E_m^j}>t/3\right)&\le \frac{3}{mt}\sum _{j=1}^m\mathbb {E}[W^j]\mathbb {E}[T^{j,1}\mathbf {1}_{(E_m^j)^c}] \\&=\frac{C}{t}\mathbb {E}[T^{1,1}\mathbf {1}_{(E_m^1)^c}] \end{aligned}$$\end{document}$$which converges to 0 as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m \rightarrow \infty $$\end{document}$ by dominated convergence since, by ([5.2](#Equ20){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {E}[T^{1,1}]<\infty $$\end{document}$. We therefore have that the statement holds by setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=\overline{L}_{\scriptscriptstyle {K}}$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$
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Corollary 6.4 {#FPar39}
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Corollary 6.5 {#FPar41}
-------------
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Lemma [6.6](#FPar42){ref-type="sec"} shows that the product of an exponential random variable with a heavy tailed random variable has a similar tail to the heavy tailed variable.
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---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X \sim exp(\theta )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$ be an independent variable which belongs to the domain of attraction of a stable law of index $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \in (0,2)$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {P}(X\xi>x) \sim \theta ^{-\alpha }\Gamma (\alpha +1)\mathbf {P}(\xi >x)$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \rightarrow \infty $$\end{document}$.

Proof {#FPar43}
-----
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Proposition 6.7 {#FPar44}
---------------

In IVFE, for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda >0$$\end{document}$, as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \rightarrow \infty $$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{i=1}^{M_n^\lambda }\frac{\tilde{\chi }^i_n}{a_n} \mathop {\rightarrow }\limits ^{{\mathrm{d}}}R_{d_\lambda ,0,\mathcal {L}_\lambda } \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d_\lambda&= \int _0^\infty \frac{x}{1+x^2}\mathrm {d}\mathcal {L}_\lambda (x) \\ \mathcal {L}_\lambda (x)&= {\left\{ \begin{array}{ll}0 &{} x <0 \\ -\lambda x^{-(\alpha -1)}\theta ^{-(\alpha -1)}\Gamma (\alpha ) &{} x>0. \end{array}\right. } \end{aligned}$$\end{document}$$

Proof {#FPar45}
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This shows the convergence result of Theorem [1](#FPar2){ref-type="sec"} in the sense of finite dimensional distributions. In Sect. [9](#Sec11){ref-type="sec"} we prove a tightness result which concludes the proof.

Excursion times in deep branches {#Sec7}
================================

In this section we decompose the time spent in large branches. In FVIE this will be very similar to the decomposition used in \[[@CR4]\] and we won't consider the argument in great detail. However, the decomposition required in IVIE requires greater delicacy.

In Lemmas [7.1](#FPar46){ref-type="sec"}, [7.2](#FPar48){ref-type="sec"} and Proposition [7.3](#FPar49){ref-type="sec"} we consider a construction of a GW-tree conditioned on its height from \[[@CR14]\] to show that the time spent in deep traps essentially consists of some geometric number of excursions from the deepest point in the trap to itself. That is, as in \[[@CR4]\], excursions which don't reach the deepest point are negligible as is the time taken for the walk to reach the deepest point from the root of the trap and the time taken to return to the root from the deepest point when this happens before returning to the deepest point.
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The main result of the section is Proposition [7.14](#FPar71){ref-type="sec"} which shows that the scaled time spent in a large branch converges in distribution along the given subsequences. As a prelude to this we prove Lemmas [7.11](#FPar65){ref-type="sec"}--[7.13](#FPar69){ref-type="sec"} which show that we can reintroduce small traps into the branch and that the height of a trap is sufficiently close to a geometric random variable. We then conclude the section by showing that the scaled excursion times can be dominated by some random variable with a certain moment property which will be important in Sect. [8](#Sec8){ref-type="sec"}.
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Proposition 7.3 {#FPar49}
---------------
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A symmetric argument shows that the same bound can be achieved for the first term in ([7.13](#Equ46){ref-type=""}). It then follows that the second term in ([7.12](#Equ45){ref-type=""}) can be bounded above by $\documentclass[12pt]{minimal}
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A straightforward adaptation of Proposition 8.1 of \[[@CR4]\] (similar to the previous calculation) shows Corollary [7.4](#FPar51){ref-type="sec"} which is the corresponding result for FVIE.

Corollary 7.4 {#FPar51}
-------------
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By Proposition [7.3](#FPar49){ref-type="sec"} and Corollary [7.4](#FPar51){ref-type="sec"}, in FVIE and IVIE, almost all time up to the walk reaching level *n* is spent on excursions from the deepest point in deep traps. The aim of the remainder of the section is to prove Proposition [7.14](#FPar71){ref-type="sec"} which shows that the time spent on the excursions from the deepest point in a single large branch (suitably scaled) converges in distribution along the given subsequences. To ease notation, for the remainder of the section we work on a dummy branch $\documentclass[12pt]{minimal}
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Definition 8 {#FPar52}
------------
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-----
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Lemma 7.6 {#FPar55}
---------
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Proof {#FPar56}
-----
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The second Lemma leading to Proposition [7.14](#FPar71){ref-type="sec"} shows that the height of an *f*-GW-tree is sufficiently close to a geometric random variable. To ease notation let $\documentclass[12pt]{minimal}
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-----
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In the final Lemma preceding Proposition [7.14](#FPar71){ref-type="sec"} we show that the Laplace transform$$\documentclass[12pt]{minimal}
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The next proposition shows that, under $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {P}^{\scriptscriptstyle {K}}$$\end{document}$, we have that the scaled time spent in a large branch $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta ^{(n)}$$\end{document}$ (from ([7.18](#Equ51){ref-type=""})) converges in distribution along subsequences $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_l$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_{n_l(t)}\sim t\mu ^{-l}$$\end{document}$.

Proposition 7.14 {#FPar71}
----------------
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-----
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Lemma 7.15 {#FPar73}
----------
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Proof {#FPar74}
-----

The number of large traps *N* is dominated by the number of traps in the branch. Similarly to Lemma [7.5](#FPar53){ref-type="sec"} we consider$$\documentclass[12pt]{minimal}
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Convergence along subsequences {#Sec8}
==============================

In this section we prove the main theorems concerning convergence to infinitely divisible laws in FVIE and IVIE. Both cases follow the proof from \[[@CR4]\]; in FVIE the result follows directly whereas in IVIE adjustments need to be made to deal with slowly varying functions.
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### Proposition 8.1 {#FPar76}

In IVIE, for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda >0$$\end{document}$, as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l \rightarrow \infty $$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{i=1}^{M_l^\lambda }\frac{\tilde{\chi }_{n_l}^{i*}}{K_l^\lambda } \mathop {\rightarrow }\limits ^{{\mathrm{d}}}R_{d_\lambda ,0,\mathcal {L}_\lambda } \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d_\lambda&= \lambda ^{1+\gamma _\alpha }(1-\beta ^{-\gamma _\alpha })\sum _{K \in \mathbb {Z}}\beta ^{(1+\gamma _\alpha )K}\mathbb {E}\left[ \frac{Z_\infty }{(\lambda \beta ^{K})^2 +(Z_\infty )^2}\right] ,\\ \mathcal {L}_\lambda (x)&= {\left\{ \begin{array}{ll} 0 &{} x\le 0; \\ -\lambda ^{\gamma _\alpha }(1-\beta ^{-\gamma _\alpha }) \sum _{K \in \mathbb {Z}}\beta ^{K\gamma _\alpha }\overline{F}_\infty (\lambda x \beta ^{K\gamma _\alpha }) &{} x>0. \end{array}\right. } \end{aligned}$$\end{document}$$

### Proof {#FPar77}

By Theorem [6](#FPar32){ref-type="sec"} it suffices to show the following:for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon >0$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{l\rightarrow \infty } \;\mathbb {P}\left( \frac{\tilde{\chi }_{n_l}^{1*}}{K_l^\lambda }>\epsilon \right) =0; \end{aligned}$$\end{document}$$for all *x* continuity points $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {L}_\lambda (x)= {\left\{ \begin{array}{ll} 0 &{} x\le 0, \\ -\lim _{l\rightarrow \infty }\; M_l^\lambda \mathbb {P}\left( \frac{\tilde{\chi }_{n_l}^{1*}}{K_l^\lambda }>x \right) &{} x>0; \end{array}\right. } \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau >0$$\end{document}$ continuity points of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d_\lambda= & {} \lim _{l \rightarrow \infty } \;M_l^\lambda \mathbb {E}\left[ \frac{\tilde{\chi }_{n_l}^{1*}}{K_l^\lambda } \mathbf {1}_{\left\{ \tilde{\chi }_{n_l}^{1*}\le \tau K_l^\lambda \right\} }\right] +\int _{\left| x\right| \ge \tau }\frac{x}{1+x^2}\mathrm {d}\mathcal {L}_\lambda (x)\\&-\int _{\tau \ge |x|>0}\frac{x^3}{1+x^2}\mathrm {d}\mathcal {L}_\lambda (x); \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{\tau \rightarrow 0}\limsup _{l\rightarrow \infty }\; M_l^\lambda Var\left( \frac{\tilde{\chi }_{n_l}^{1*}}{K_l^\lambda }\mathbf {1}_{\left\{ \tilde{\chi }_{n_l}^{1*}\le \tau K_l^\lambda \right\} }\right) =0. \end{aligned}$$\end{document}$$We prove each of these in turn but we start by introducing a relation which will be fundamental to proving the final parts. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K \in \mathbb {Z}$$\end{document}$ let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_l^{\scriptscriptstyle {K}}=\mathbf {P}(\mathcal {H}(\mathcal {T}^{*-})> l+K| \mathcal {H}(\mathcal {T}^{*-})> h_{n_l,\varepsilon })$$\end{document}$ denote the probability that a deep branch is of height at least $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l+K$$\end{document}$. Then by the asymptotic ([3.12](#Equ15){ref-type=""}) we have that, for *K* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l+K\ge h_{n_l,\varepsilon }$$\end{document}$, as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l \rightarrow \infty $$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} c_l^{\scriptscriptstyle {K}} \; = \; \frac{\mathbf {P}\left( \mathcal {H}(\mathcal {T}^{*-})>l+K\right) }{\mathbf {P}\left( \mathcal {H}(\mathcal {T}^{*-})>h_{n_l,\varepsilon }\right) } \; \sim \; \mu ^{(\alpha -1)K}\frac{\mathbf {P}\left( \mathcal {H}(\mathcal {T}^{*-})>l\right) }{\mathbf {P}\left( \mathcal {H}(\mathcal {T}^{*-})>h_{n_l,\varepsilon }\right) }. \end{aligned}$$\end{document}$$In particular, using ([3.12](#Equ15){ref-type=""}) and that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta ^{\gamma _\alpha }=\mu ^{-(\alpha -1)}$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&M_l^\lambda c_l^{\scriptscriptstyle {K}} \sim \lambda ^{\gamma _\alpha } \left( \frac{\mathbf {P}\left( \xi ^*>\mu ^{h_{n_l,\varepsilon }}\right) }{\mathbf {P}\left( \mathcal {H}\left( \mathcal {T}^{*-}\right)>h_{n_l,\varepsilon }\right) }\right) \left( \frac{\mathbf {P}\left( \mathcal {H}\left( \mathcal {T}^{*-}\right)>h_{n_l,0}\right) }{\mathbf {P}\left( \xi ^*>\mu ^{h_{n_l,0}}\right) }\right) \\&\quad \frac{\beta ^{-\gamma _\alpha l}}{\mu ^{-(\alpha -1)l}}\mu ^{(\alpha -1)K} \sim \lambda ^{\gamma _\alpha }\beta ^{-\gamma _\alpha K} \end{aligned}$$\end{document}$$thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_l^\lambda (c_l^{\scriptscriptstyle {K}}-c_l^{\scriptscriptstyle {K}+1})\rightarrow \lambda ^{\gamma _\alpha }\beta ^{-\gamma _\alpha K}(1-\beta ^{-\gamma _\alpha })$$\end{document}$ and for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon >0$$\end{document}$ and large enough *l* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M_l^\lambda c_l^{\scriptscriptstyle {K}} \le C_\epsilon \lambda ^{\gamma _\alpha } \beta ^{-\gamma _\alpha K}\beta ^{\epsilon \left| K\right| }. \end{aligned}$$\end{document}$$To prove (1), notice that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {P}\left( \frac{\tilde{\chi }_{n_l}^{1*}}{K_l^\lambda }>\epsilon \right) \le \mathbf {P}\left( \mathcal {H}(\mathcal {T}^{*-})\ge h_{n,\varepsilon /2}\big |\mathcal {H}(\mathcal {T}^{*-})\ge h_{n,\varepsilon }\right) + \mathbb {P}\left( \beta ^{h_{n,\varepsilon /2}-l}Z_{sup}>\lambda \epsilon \right) . \end{aligned}$$\end{document}$$Both terms converge to 0 as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l \rightarrow \infty $$\end{document}$ by the tail formula of a branch ([3.12](#Equ15){ref-type=""}), the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_{sup}$$\end{document}$ has no atom at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\infty $$\end{document}$ and that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta ^{h_{n_l}^{\varepsilon /2}-l}\rightarrow 0$$\end{document}$ which follows from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l\sim h_{n,0}$$\end{document}$.

For (2), recall that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_{\scriptscriptstyle {K}}^l(x)=\mathbb {P}(\zeta _i^{l,K}>x)=\mathbb {P}^{\scriptscriptstyle {K}}\left( \tilde{\chi }_{n_l}^{1*}\beta ^{-(l+K)}>x\right) $$\end{document}$, therefore$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M_l^\lambda \mathbb {P}\left( \frac{\tilde{\chi }_{n_l}^{1*}}{K_l^\lambda }>x\right)&= \sum _{K \in \mathbb {Z}}\mathbf {1}_{\left\{ K\ge -(l-h_{n_l,\varepsilon })\right\} }M_l^\lambda \mathbf {P}\left( \mathcal {H}(\mathcal {T}^{*-})=l+K\right) \mathbb {P}^{\scriptscriptstyle {K}} \left( \frac{\tilde{\chi }_{n_l}^{1*}}{K_l^\lambda }>x\right) \\&= \sum _{K \in \mathbb {Z}}\mathbf {1}_{\left\{ K\ge -(l-h_{n_l,\varepsilon })\right\} }M_l^\lambda \left( c_l^{\scriptscriptstyle {K}}-c_l^{\scriptscriptstyle {K}+1}\right) \overline{F}_{\scriptscriptstyle {K}}^l(\lambda \beta ^{-K}x). \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x>0$$\end{document}$ is a continuity point of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}_\lambda $$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda x\beta ^{-K}$$\end{document}$ is a continuity point of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{F}_\infty $$\end{document}$ hence for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K\in \mathbb {Z}$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l \rightarrow \infty $$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbf {1}_{\left\{ K \ge -(l-h_{n_l,\varepsilon })\right\} }M_l^\lambda \left( c_l^{\scriptscriptstyle {K}}-c_l^{\scriptscriptstyle {K}+1}\right) \overline{F}_{\scriptscriptstyle {K}}^l(\lambda \beta ^{-K}x) \rightarrow \lambda ^{\gamma _\alpha }\beta ^{-\gamma _\alpha K}(1-\beta ^{-\gamma _\alpha })\overline{F}_\infty (\lambda \beta ^{-K}x). \end{aligned}$$\end{document}$$We need to exchange the sum and the limit; we do this using dominated convergence. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _\alpha <1$$\end{document}$ we can choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon >0$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _\alpha +\epsilon <1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon <\gamma _\alpha $$\end{document}$. By ([8.1](#Equ73){ref-type=""}), for *l* sufficiently large $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_l^\lambda c_l^{\scriptscriptstyle {K}} \le C_{\epsilon ,\lambda }\beta ^{-\gamma _\alpha K}\beta ^{\frac{\epsilon }{2}|K|}$$\end{document}$ hence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{K\ge -(l-h_{n_l,\varepsilon })}M_l^\lambda \left( c_l^{\scriptscriptstyle {K}}-c_l^{\scriptscriptstyle {K}+1}\right) \overline{F}_{\scriptscriptstyle {K}}^l\left( \lambda \beta ^{-K}x\right) \le C\sum _{K\in \mathbb {Z}}\overline{F}_{sup}\left( \lambda x\beta ^{-K}\right) \beta ^{-\gamma _\alpha K}\beta ^{\frac{\epsilon }{2}|K|}. \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_{sup}$$\end{document}$ has moments up to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _\alpha +\epsilon $$\end{document}$ we have that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y=\lambda x$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{K< 0}\overline{F}_{sup}(\lambda x\beta ^{-K})\beta ^{-\gamma _\alpha K}\beta ^{\frac{\epsilon }{2}\left| K\right| } \; = \; \mathbb {E}\left[ \sum _{K=0}^{\left\lfloor \frac{\log (Z_{sup}/y)}{\log (\beta )}\right\rfloor } \beta ^{K\left( \gamma _\alpha + \epsilon /2\right) }\right] \; \le \; C_y\mathbb {E}\left[ Z_{sup}^{\gamma _\alpha +\frac{\epsilon }{2}}\right] \end{aligned}$$\end{document}$$which is finite. By choice of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$ it follows that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{K\ge 0}\overline{F}_{sup}(\lambda x\beta ^{-K})\beta ^{-\gamma _\alpha K}\beta ^{\frac{\epsilon }{2}\left| K\right| } \le \sum _{K\ge 0}\beta ^{\left( \frac{\epsilon }{2}-\gamma _\alpha \right) K} <\infty . \end{aligned}$$\end{document}$$It therefore follows that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x>0$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -\lim _{l\rightarrow \infty } M_l^\lambda \mathbb {P}\left( \frac{\tilde{\chi }_{n_l}^{1*}}{K_l^\lambda }>x \right) =-\lambda ^{\gamma _\alpha } \left( 1-\beta ^{-\gamma _\alpha }\right) \sum _{K\in \mathbb {Z}}\overline{F}_\infty \left( \lambda x \beta ^{\gamma _\alpha K}\right) \beta ^{\gamma _\alpha K}. \end{aligned}$$\end{document}$$Moreover, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x<0$$\end{document}$ we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathbb {P}\left( \tilde{\chi }_{n_l}^{1*}/K_l^\lambda <x \right) =0$$\end{document}$ which gives (2).

For (3) we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _0^\tau x \mathrm {d}\mathcal {L}_\lambda $$\end{document}$ is well defined therefore$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _\tau ^\infty \frac{x}{1+x^2} \mathrm {d}\mathcal {L}_\lambda - \int _0^\tau \frac{x^3}{1+x^2} \mathrm {d}\mathcal {L}_\lambda \; = \; \int _0^\infty \frac{x}{1+x^2} \mathrm {d}\mathcal {L}_\lambda -\int _0^\tau x \mathrm {d}\mathcal {L}_\lambda . \end{aligned}$$\end{document}$$We therefore want to show that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{l \rightarrow \infty }\frac{M_l^\lambda }{K_l^\lambda } \mathbb {E}\left[ \tilde{\chi }_{n_l}^{1*}\mathbf {1}_{\left\{ \tilde{\chi }_{n_l}^{1*}\le \tau K_l^\lambda \right\} }\right] = \int _0^\tau x \mathrm {d}\mathcal {L}_\lambda . \end{aligned}$$\end{document}$$Write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{\scriptscriptstyle {K}}^l(u)=\mathbb {E}\left[ \zeta ^{l,K}_1\mathbf {1}_{\{\zeta ^{l,K}_1\le u\}} \right] $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_\infty (u)=\mathbb {E}[Z_\infty \mathbf {1}_{\{Z_\infty \le u\}}]$$\end{document}$. Then we have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{M_l^\lambda }{K_l^\lambda } \mathbb {E}\left[ \tilde{\chi }_{n_l}^{1*}\mathbf {1}_{\left\{ \tilde{\chi }_{n_l}^{1*}\le \tau K_l^\lambda \right\} }\right]&= \lambda ^{-1}\sum _{K\ge -(l-h_{n_l,\varepsilon })}M_l^\lambda \left( c_l^{\scriptscriptstyle {K}}-c_l^{\scriptscriptstyle {K}+1}\right) \beta ^{K} G_{\scriptscriptstyle {K}}^l(\tau \lambda \beta ^{-K}). \end{aligned}$$\end{document}$$For each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K\in \mathbb {Z}$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l\rightarrow \infty $$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M_l^\lambda \left( c_l^{\scriptscriptstyle {K}} -c_l^{\scriptscriptstyle {K}+1}\right) \beta ^{K} G_{\scriptscriptstyle {K}}^l(\tau \lambda \beta ^{-K}) \rightarrow \lambda ^{\gamma _\alpha }(1-\beta ^{-\gamma _\alpha })\beta ^{(1-\gamma _\alpha )K}G_\infty (\tau \lambda \beta ^{-K}). \end{aligned}$$\end{document}$$We want to exchange the limit and the sum which we do by dominated convergence. For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa \in [0,1]$$\end{document}$ and random variable *Y* we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {E}[Y\mathbf {1}_{\{Y \le u\}}]\le u^\kappa \mathbf {E}[Y^{1-\kappa }\mathbf {1}_{\{Y\le u\}}]$$\end{document}$. Using this with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u=\tau \lambda \beta ^{-K}$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa =1-\gamma _\alpha -2\epsilon /3$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K< 0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa =1$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K\ge 0$$\end{document}$, alongside ([8.1](#Equ73){ref-type=""}) we have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\sum _{K\in \mathbb {Z}}\mathbf {1}_{\left\{ K \ge -(l-h_{n_l,\varepsilon })\right\} }M_l^\lambda \left( c_l^{\scriptscriptstyle {K}}-c_l^{\scriptscriptstyle {K}+1}\right) \beta ^K G_{\scriptscriptstyle {K}}^l(\tau \lambda \beta ^{-K}) \\&\qquad \qquad \le \sum _{K\ge 0}M_l^\lambda \left( c_l^{\scriptscriptstyle {K}} -c_l^{\scriptscriptstyle {K}+1}\right) \beta ^K\tau \lambda \beta ^{-K} \\&\qquad \quad \qquad + \sum _{K<0} M_l^\lambda \left( c_l^{\scriptscriptstyle {K}} -c_l^{\scriptscriptstyle {K}+1}\right) \beta ^K \left( \beta ^{\frac{2\epsilon }{3} K}(\tau \lambda )^{1-\gamma _\alpha -\frac{2\epsilon }{3}}\mathbf {E}\left[ Z_{sup}^{\gamma _\alpha +\frac{2\epsilon }{3}}\right] \beta ^{(\gamma _\alpha -1)K}\right) \\&\qquad \qquad \le C_\lambda \tau \sum _{K\ge 0} \beta ^{-\left( \gamma _\alpha -\epsilon /2\right) K} + C_\lambda \tau ^{1-\gamma _\alpha -\frac{2\epsilon }{3}}\mathbf {E}\left[ Z_{sup}^{\gamma _\alpha +\frac{2\epsilon }{3}}\right] \sum _{K<0}\beta ^{\frac{\epsilon }{6} K} \end{aligned}$$\end{document}$$which is finite since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _\alpha >\epsilon /2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_{sup}$$\end{document}$ has moments up to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _\alpha +\epsilon $$\end{document}$. We therefore have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{l\rightarrow \infty } \frac{M_l^\lambda }{K_l^\lambda } \mathbf {E}\left[ \tilde{\chi }_{n_l}^{1*}\mathbf {1}_{\left\{ \tilde{\chi }_{n_l}^{1*}\le \tau K_l^\lambda \right\} }\right] = \lambda ^{\gamma _\alpha -1}(1-\beta ^{-\gamma _\alpha })\sum _{K\in \mathbb {Z}}\beta ^{K(\gamma _\alpha -1)}G_\infty (\tau \lambda \beta ^K). \end{aligned}$$\end{document}$$By definition we have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _0^\tau x \mathrm {d}\mathcal {L}_\lambda&= \lambda ^{\gamma _\alpha } (1-\beta ^{-\gamma _\alpha })\int _0^\tau x\sum _{K\in \mathbb {Z}}\beta ^{\gamma _\alpha K}\mathrm {d}(-\overline{F}_\infty )(\lambda x \beta ^K) \\&= \lambda ^{\gamma _\alpha -1} (1-\beta ^{-\gamma _\alpha })\sum _{K\in \mathbb {Z}}\beta ^{(\gamma _\alpha -1) K}\int _{\lambda x\beta ^K\le \lambda \tau \beta ^K} \lambda x\beta ^K\mathrm {d}(-\overline{F}_\infty )(\lambda x \beta ^K) \\&= \lambda ^{\gamma _\alpha -1}(1-\beta ^{-\gamma _\alpha })\sum _{K\in \mathbb {Z}}\beta ^{(\gamma _\alpha -1)K}G_\infty (\tau \lambda \beta ^K). \end{aligned}$$\end{document}$$It therefore remains to calculate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _0^\infty \frac{x}{1+x^2}\mathrm {d}\mathcal {L}_\lambda $$\end{document}$.$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _0^\infty \frac{x}{1+x^2}\mathrm {d}\mathcal {L}_\lambda&= \lambda ^{\gamma _\alpha }(1-\beta ^{-\gamma _\alpha })\int _0^\infty \frac{x}{1+x^2} \sum _{K \in \mathbb {Z}}\beta ^{\gamma _\alpha K}\mathrm {d}(-\overline{F}_\infty )(\lambda x\beta ^K) \\&= \lambda ^{\gamma _\alpha +1}(1-\beta ^{-\gamma _\alpha })\sum _{K \in \mathbb {Z}}\beta ^{(\gamma _\alpha +1)K} \mathbb {E}\left[ \frac{Z_\infty }{(\lambda \beta ^K)^2+(Z_\infty )^2}\right] . \end{aligned}$$\end{document}$$The final sum is finite since for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K<0$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \beta ^{(\gamma _\alpha +1)K} \mathbb {E}\left[ \frac{Z_\infty }{(\lambda \beta ^K)^2+(Z_\infty )^2}\right] = \lambda ^{-1}\beta ^{\gamma _\alpha K} \mathbb {E}\left[ \frac{\lambda \beta ^KZ_\infty }{(\lambda \beta ^K)^2+(Z_\infty )^2}\right] \le \lambda ^{-1}\beta ^{\gamma _\alpha K} \end{aligned}$$\end{document}$$Which is summable and for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K\ge 0$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {E}\left[ \frac{Z_\infty }{(\lambda \beta ^K)^2+(Z_\infty )^2}\right]&\le \mathbb {E}\left[ \frac{Z_\infty }{(\lambda \beta ^K)^2}\mathbf {1}_{\{Z_\infty \le \lambda \beta ^K\}}+ Z_\infty ^{-1}\mathbf {1}_{\{Z_\infty \ge \lambda \beta ^K\}}\right] \\&\le C_\lambda \mathbb {E}\left[ Z_{sup}^{\gamma _\alpha +\epsilon /2}\right] \beta ^{-K\left( 1+\gamma _\alpha +\epsilon /2\right) } \end{aligned}$$\end{document}$$which, multiplied by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta ^{(\gamma _\alpha +1)K}$$\end{document}$, is summable.

It now remains to prove (4). It suffices to show that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{\tau \rightarrow 0^+}\lim _{l\rightarrow \infty } \frac{M_l^\lambda }{(K_l^\lambda )^2}\mathbb {E}\left[ \left( \tilde{\chi }_{n_l}^{1*}\right) ^2 \mathbf {1}_{\left\{ \tilde{\chi }_{n_l}^{1*}\le \tau K_l^\lambda \right\} }\right] =0. \end{aligned}$$\end{document}$$Write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{\scriptscriptstyle {K}}^l(u)=\mathbb {E}\left[ (\zeta _1^{l,K})^2\mathbf {1}_{\{\zeta _1^{l,K}\le u\}} \right] $$\end{document}$ then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{M_l^\lambda }{(K_l^\lambda )^2}\mathbb {E}\left[ (\tilde{\chi }_{n_l}^{1*})^2\mathbf {1}_{\left\{ \tilde{\chi }_{n_l}^{1*}\le \tau K_l^\lambda \right\} }\right]&= \frac{M_l^\lambda }{(K_l^\lambda )^2}\sum _{K\in \mathbb {Z}}(c_l^{\scriptscriptstyle {K}} -c_l^{\scriptscriptstyle {K}+1}) \beta ^{2(l+K)}H_{\scriptscriptstyle {K}}^l(\tau \lambda \beta ^{-K})\\&\le C_\lambda \sum _{K\in \mathbb {Z}}\beta ^{(2-\gamma _\alpha )K}\beta ^{\frac{\epsilon }{2}\left| K\right| } H_{\scriptscriptstyle {K}}^{l}(\tau \lambda \beta ^{-K}). \end{aligned}$$\end{document}$$Using that for any random variable *Y* we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {E}[Y^2\mathbf {1}_{\{Y\le u\}}]\le u^\kappa \mathbb {E}[Y^{2-\kappa }\mathbf {1}_{\{Y\le u\}}]$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u=\tau \lambda \beta ^{-K}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa =2$$\end{document}$ it follows that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{K \ge 0}\beta ^{(2-\gamma _\alpha )K}\beta ^{\frac{\epsilon }{2}\left| K\right| } H_{\scriptscriptstyle {K}}^l(\tau \lambda \beta ^{-K}) \; \le \; C\tau ^2\sum _{K\ge 0}\beta ^{-\left( \gamma _\alpha -\epsilon /2\right) K} \; \le \; C\tau ^2 \end{aligned}$$\end{document}$$where the constant *C* depends on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda , \beta , \gamma _\alpha $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$. Then, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u=\tau \lambda \beta ^{-K}, \; \kappa =2-\gamma _\alpha -2\epsilon /3$$\end{document}$ we have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H_{\scriptscriptstyle {K}}^l\left( \tau \lambda \beta ^{-K}\right) \beta ^{(2-\gamma _\alpha )K}\le \beta ^{\frac{2\epsilon }{3}K}(\tau \lambda )^{2-\gamma _\alpha -\frac{2\epsilon }{3}}\mathbf {E}\left[ Z_{sup}^{\gamma _\alpha +\frac{2\epsilon }{3}}\right] \end{aligned}$$\end{document}$$and therefore$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{K \le 0}\beta ^{\left( 2-\gamma _\alpha \right) K}\beta ^{\frac{\epsilon }{2}|K|} H_{\scriptscriptstyle {K}}^l\left( \tau \lambda \beta ^{-K}\right)&\le \; C\tau ^{2-\gamma _\alpha -\frac{2\epsilon }{3}}\mathbf {E}\left[ Z_{sup}^{\gamma _\alpha +\frac{2\epsilon }{3}}\right] \sum _{K\le 0}\beta ^{\frac{\epsilon }{6}K}\\&\le \; C\tau ^{2-\gamma _\alpha -\frac{2\epsilon }{3}}. \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _\alpha +\frac{2\epsilon }{3}<1$$\end{document}$ we have that ([8.2](#Equ74){ref-type=""}) holds. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$
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Tightness {#Sec11}
=========

We conclude the results for the walk on the subcritical tree with Theorem [4](#FPar7){ref-type="sec"} which is a tightness result for the process and a convergence result for the scaling exponent. We only prove the result in IVIE since the proof is standard (similar to that of Theorem 1.1 of \[[@CR4]\]) and the other cases follow by the same method; however, we state the proof more generally. Recall that $\documentclass[12pt]{minimal}
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Proof of Theorem 4 in IVIE {#FPar78}
--------------------------
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Supercritical tree {#Sec12}
==================

As discussed in the introduction, the structures of the supercritical and subcritical trees are very similar in that they consist of some backbone structure $\documentclass[12pt]{minimal}
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Recall that Theorem [5](#FPar8){ref-type="sec"} states that if offspring law belongs to the domain of attraction of some stable law of index $\documentclass[12pt]{minimal}
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Lemma [10.2](#FPar81){ref-type="sec"} shows that, with high probability, no large branch contains more than one large trap. This is important because the number of large traps would affect the escape probability. That is, if there are many large traps in a branch then it is likely that the root has many offspring on the backbone since some geometric number of the offspring lie on the backbone. The analogue of this in \[[@CR4]\] is proved using the bound $\documentclass[12pt]{minimal}
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Lemma [10.3](#FPar83){ref-type="sec"} shows that no branch visited by level *n* is too large. This is important for the tightness result since we need to bound the deviation of the walk from the furthest point reached along the backbone. The proof of this follows quite straightforwardly from Lemma [10.1](#FPar79){ref-type="sec"}.

To explain why these are needed, we recall the argument which follows a similar structure to the proof of Theorem [2](#FPar5){ref-type="sec"}. As was the case for the walk on the subcritical tree, the first part of the argument involves showing that, asymptotically, the time spent outside large branches is negligible. This follows by the same techniques as for the subcritical tree.

One of the major difficulties with the walk on the supercritical tree is determining the distribution over the number of entrances into a large branch. The height of the branch from a backbone vertex *x* will be correlated with the number of children *x* has on the backbone. This affects the escape probability and therefore the number of excursions into the branch. It can be shown that the number of excursions into the first large trap converges in distribution to some non-trivial random variable $\documentclass[12pt]{minimal}
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Similarly to Sect. [4](#Sec4){ref-type="sec"}, it can be shown that asymptotically the large branches are independent in the sense that with high probability the walk won't reach one large branch and then return to a previously visited large branch. Using Lemmas [10.1](#FPar79){ref-type="sec"} and [10.2](#FPar81){ref-type="sec"} (among other results) it can then be shown that $\documentclass[12pt]{minimal}
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The remainder of the proof of the first part of Theorem [5](#FPar8){ref-type="sec"} involves decomposing the time spent in large branches, showing that the suitably scaled excursion times converge in distribution, proving the convergence results for sums of i.i.d. variables and concluding with standard tightness results similar to Sect. [9](#Sec11){ref-type="sec"}. Since $\documentclass[12pt]{minimal}
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Lemma 10.1 {#FPar79}
----------

Under the assumptions of Theorem [5](#FPar8){ref-type="sec"} $$\documentclass[12pt]{minimal}
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Proof {#FPar80}
-----
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